We report on non-perturbative bounds for structure constants on N = 4 SYM. Such bounds are obtained by applying the conformal bootstrap recently extended to superconformal theories. We compare our results with interpolating functions suitably restricted by the S-duality of the theory. Within numerical errors, these interpolations support the conjecture that the bounds found in this paper are saturated at duality invariant values of the coupling. This extends recent conjectures for the anomalous dimension of leading twist operators.
Introduction: the superconformal bootstrap
The conformal bootstrap
The most natural observables in a conformal field theory (CFT) are correlators of gauge invariant local operators. The operator product expansion (OPE) can be used in order to compute any n−point correlation function in terms of the CFT data: the spectrum of anomalous dimensions and the structure constants. The basic idea of the conformal bootstrap is to constrain the CFT data by using symmetries of correlation functions, together with unitarity and the structure of the OPE. ( 1) where we have introduced the cross-ratios u = (x ). By considering the OPE φ(x 1 ) × φ(x 2 ) we can decompose the four point function into conformal blocks g(u, v)
the sum runs over the tower of primaries present in the OPE ( O ∆, ∈ φ × φ ) and and ∆ denote the spin and the dimension of the intermediate primary. a ∆, = c 2 ∆, denotes the square of the structure constants and is non-negative due to unitarity. The conformal blocks g ∆, (u, v) are explicitly known functions, fixed by conformal symmetry, which repack the contribution of all descendants of a given primary. Finally, we have singled out the contribution from the identity operator.
We could have instead considered the OPE φ(x 2 ) × φ(x 3 ). Crossing-symmetry of the four-point function g(u, v) x 
together with associativity of the OPE imply the conformal bootstrap equation
,∆ a ∆, F ∆, (u, v) = 1, a ∆, ≥ 0 (4)
In [1] it was understood how to use efficiently this equation in order to find non-perturbative bounds for the anomalous dimensions of operators appearing in the OPE φ × φ. The idea is the following. A given trial spectrum of dimensions and spins {∆, } can be ruled out if we can find a linear operator Φ such that
Φ(1) < 0 since this would mean the bootstrap equation has no solutions with a ∆, non-negative. By considering families of trial spectra it is possible to put bounds on the dimensions of the leading twist operator for a given spin . A similar idea can be used to put bounds on the OPE coefficients 1 a ∆, , see e.g. [4, 5] . We single out a particular dimension and spin {∆ 0 , 0 } and then normalize the linear operator such that Φ(
for all other values of and ∆, we obtain the following bound
Note that for every "allowed" spectrum Φ(1) will be positive.
The conformal bootstrap has been used successfully in order to constraint the CFT data for several CFT's in various dimensions. These constraints can be very powerful and in some cases they can be even enough to fix it completely! see e.g. [2, 3] .
Over the last few years, there has been remarkable progress in the computation of observables in N = 4 super-Yang-Mills (SYM). It has also become apparent that the theory has a tremendously rich structure. Much of this progress, however, has been confined to either perturbation theory (at weak or at strong coupling) in the planar limit, or to protected quantities. In [6] it was shown how the methods of the conformal bootstrap can be applied to N = 4 SYM.
The superconformal bootstrap
The starting point is the four-point correlator of the protected scalar operator transforming in the 20 of the SU (4) R-symmetry group O (IJ)
. This correlator has been studied in much detail, see for instance [7, 8] .
20 , and hence the four point function, receives contributions from long multiplets, as well as from short and semi-short multiplets. It turns out that crossing-symmetry plus superconformal symmetry can be used to fix the contributions from short and semi-short multiplets [6] . Furthermore, for long multiplets, the superconformal primary is always a SU (4) singlet [9, 8] . The conformal bootstrap equation for N = 4 SYM takes the final form [6] :
a ∆, denotes the (square of the) structure constant involving two protected operators O 20 and a superconformal primary, singlet of SU (4), of spin and dimension ∆. F short (u, v, c) is an explicit, calculable function, arising from short and semi-short contributions and is the analogue of the 1 in the right hand side of the usual conformal boostrap equation 2 . It is independent of the coupling constant and depends on the gauge group only through its central charge c. For SU (N ) gauge groups we have c = (N 2 − 1)/4. Finally, we have defined
with k β (z) = 2 F 1 (β/2, β/2, β; z) and we have used u = zz, v = (1 − z)(1 −z).
In [6] the superconformal bootstrap equation (7) was used in order to obtain numerical bounds for the anomalous dimensions of leading twist operators of low spin. Those bounds provided true non-perturbative information about non-planar N = 4 SYM. In this note, we report a modest generalization of their results. We use the superconformal bootstrap equation (7) in order to find numerical bounds to structure constants of N = 4 SYM.
In the next section we derive global/exact bounds, valid for any value of the coupling constant and making no assumptions about the spectrum of the theory. In section three, we focus in two special cases where something can be said about the spectrum: the free theory and S-duality invariant points. At the end of section three we compare our results with interpolating functions constructed from the available perturbative data. Finally we end up with some discussion. In the appendices we include some technical details as well as numerical results for the bounds in several cases.
Global bounds
We start by considering eq. (7) at generic values of the coupling constant. In this case, = 0, 2, 4, ... but ∆ can take any continuos values, provided ∆ ≥ + 2. In order to write down our linear operator, it is convenient to use variables a, b such that
Due to the symmetries of the correlator, both F ∆, and F short are odd functions of a and even functions of b. The linear operators we consider take the following form
Namely, we expand around the symmetric point z =z = 1/2. This is an obvious choice, but most importantly, one can check numerically, for specific cases, that acting with this operator and summing over and ∆ in (7) commute. In particular, after acting with Φ
on each F ∆, , we expect the sum over , ∆ to converge.
Once we have selected a particular {∆ 0 , 0 }, the task is then to minimize
In practice we use cut-offs = 0, 2, ..., max , 0 ≤ ∆ − − 2 ≤ ∆ max and discretize ∆. For the results shown in this note we have used max = ∆ max = 20 and δ∆ = 1/8. We have explicitly checked that changing theese cut-offs does not improve the bounds significantly. Furthermore, the constraints inside the cut-off are supplemented by the asymptotic constraints. Assuming , ∆ 1 with = α∆, we find
The asymptotic constraints take the form
For a fixed spin 0 we assume that the leading twist operator has dimension ∆ 0 , with + 2 ≤ ∆ 0 ≤ ∆ c l , where ∆ c l is the bound for the dimension . Then we need to solve the following optimization problem
This optimization problem involves 1 8 (Λ+1)(Λ+3) variables κ ij and can be solved numerically using standard linear programming software. We have worked with Λ = 17. Fig. 1 shows the exclusion regions for a ∆, as a function of ∆, for = 0, 2 and different values of the central charge.
Results for other operators can be found in appendix B. These bounds represent robust non-perturbative information about structure constants of N = 4 SYM. In obtaining them we have made no assumptions regarding the spectrum of the theory. Namely, we have considered a continuos spectrum for ∆, consistent with the unitary bound ∆ ≥ + 2. If some information about the spectrum is known, then these constraints can be improved ( in some cases significantly). In the following we will consider two instances of this.
3 Particular points of the conformal manifold
Free theory
Let us analyze the constraints following from the bootstrap equation (7) in the free theory limit. In this case, for each fixed , we have ∆ = + 2t with 2t the twist and t = 1, 2, .... The OPE coefficients have been worked out for this case [8] 
Nonetheless we can ask the question of finding bounds on the structure constants by assuming the spectrum of the free theory. We have considered a +2t, for several values of the spin and Maybe this should not come as a surprise: After all for = 0, 2, ... and ∆ = + 2, + 4, ... the conformal blocks form a complete basis of functions and this is the reason why one can solve for the a ∆, . Hence, in the free theory limit, we would expect a unique solution to the superconformal bootstrap equation. In any case, this is a remarkable test of the convergence of the method and shows that the constraints on the OPE coefficients can be improved significantly given information about the spectrum. . N = 4 SYM possesses S-duality under which the coupling constant transforms as
Duality invariant points
such that ad − bc = 1, namely h ∈ P SL(2, Z). P SL(2, Z) contains two finite order subgroups, generated by h 2 · τ = −1/τ and h 3 · τ = (τ − 1)/τ . Each subgroup has a fixed point in the fundamental domain
In [6] it was conjectured that at these values (at least one of them) the bounds on the dimensions derived from the superconformal bootstrap are actually saturated. This implies that at certain value of the coupling constant the spectrum actually satisfies
and so on. ∆ c denotes the threshold (or "corner" value) for the anomalous dimension of the leading twist operator with spin . In [10] the corner values for = 0, 2, 4 and for N = 2, 3, 4 are provided. We have computed bounds for a ∆ c 0 , =0 and a ∆ c 2 , =2 assuming the above spectrum. A full analysis would require to estimate ∆ c for = 6, 8, .... Fortunately, the answer depends very weakly on those. For N = 2, 3, 4 we find
Comparing to the previous section, the extra information on the spectrum only improves the bounds slightly for = 0 but the improvement is significative for = 2 (for N = 2, 3, 4 the values obtained with no assumptions regarding the spectrum are 0.86, 0.624 and 0.57 respectively).
Of course, these bounds could be further improved if we are given extra information about the spectrum of the theory.
In line with the conjectures of [6, 10] it is natural to conjecture that these bounds are actually saturated at the duality invariant points. This (if true!) would give the structure constants at a point which no other methods can access.
Interpolating functions and comparison to our results
In the following we would like to compare our results to appropriate resummations of the available perturbative data. The idea is to construct interpolating functions that give a good approximation to the structure constants to all values of the coupling, and then compare such results with the bounds of the previous section. In order to construct interpolating functions we will follow [10] , who studied the anomalous dimensions of leading twist operators.
As already mentioned, N = 4 SYM possess S-duality. It was noted in [10] that anomalous dimensions of non-protected operators should be invariant under the modular group P SL(2, Z). We expect the same to be true for the structure constants considered in this paper.
3
The authors of [10] introduced a refined version of Pade approximants P (h) , manifestly invariants under h, a finite order subset of the modular transformations.The interpolating functions take the form
where, for a finite order subgroup of order d, the following notation has been introduced
For application to anomalous dimensions, which go as γ ∼ g at weak coupling, we take m = n + 1. For application to structure constants, which are finite at tree level, we take m = n. Then, the coefficients in (15) for each observable can be fixed once the perturbative result at 2m loops is known. For the generators h 2 .τ = −1/τ and h 3 .τ = (τ − 1)/τ we have
We will construct interpolating functions by using the available two-loop results (since fourloop results for structure constants are not available), which are of the form
the interpolation functions in each case read
One application of these formulas is to get an estimate for the value of the anomalous dimension and structure constant at the fixed point in each case. The fixed points for the order two and three symmetries are g = 1, y = 0 and g = 2/ √ 3, y = 1/2 respectively. Let us focus in the case of the spin-zero operator, of the form T rΦ I Φ I . Using the explicit perturbative results
We get the following estimates. These are shown together with the threshold/corner values in tables 1 and 2. In all cases, we see that the value given by the interpolating function is of the order of the predicted value. We expect the results to get closer once perturbative results at four loops become available. In any case, note that the agreement for a ∆c,0 in the case of SU (2) is remarkable. The agreement gets worse as we increase the rank of the gauge group. This is consistent with the expectation that the interpolating functions become less reliable [10] . In any case, these results show that the conjectured results for a ∆c,0 at the invariant points are plausible. In particular, for SU (2) we obtain a ∆c,0 ∼ 1.6.
We can also make comparisons at generic values of the coupling constant. The interpolating functions (20) can be combined in order to obtain a ∆, as a function of the anomalous dimension γ. We obtain
for both h 2 and h 3 . The following figure shows the behavior of P a (γ) versus the bounds found in previous section, for the leading twist operators with spin = 0 and for various gauge groups. We observe that all the interpolations are consistent with our bounds, but the bounds can be quite restrictive for small rank gauge groups. We have also considered operators with higher spin, see for instance fig. 4 . In this case the bounds appear to be less restrictive Finally, note that for SU (2) = 0, fig. 3 , the interpolating function is very close to the threshold. Interestingly, this is the case were the interpolations are most reliable. This, together with the results of [10] , suggests that the conformal bootstrap, together with S−duality, could be particularly suited to understand N = 4 SYM with gauge group SU (2).
Discussion
In this letter we have reported on bounds for structure constants/OPE coefficients of N = 4 SYM. These bounds represent exact, non-perturbative, information about the CFT.
We have shown that these bounds can be improved at certain points in the conformal manifold, where some information about the spectrum is known. In particular, for the free Other special points of the conformal manifold are the points fixed under a finite order sub-group of the modular group, for instance g Y M = 2 √ π. In line with conjectures put forward in [6, 10] it is natural to propose that at these values of the coupling the structure constants saturate the bounds given by the conformal bootstrap. For instance, for SU (2) gauge group this gives the following prediction
for the (square of the) structure constant involving the leading twist operator with spin zero (i.e. the Konishi operator) at that particular value of the coupling. This is a nonperturbative prediction that would be very hard to make from any other method. If true, this would show the power of the conformal bootstrap (in this case applied to N = 4 SYM) in order to give non-perturbative information about a highly non-trivial CFT.
A method to obtain estimates at arbitrary values of the coupling constant is that of interpolating functions. In particular one can construct interpolating functions consistent with the symmetries of the theory [10] . We have compared such estimates to our results and found that they were compatible with the proposal that the bounds are saturated at the duality invariant points. From this comparison one can also see that the constraints seem less stringent for large rank gauge groups. From this point of view the superconformal bootstrap is very different to other approaches to understand N = 4 SYM.
There are several directions that one could follow. In this paper we have used two-loop interpolating functions 4 . At present the structure constants studied in this paper are known to three-loops [11] . A four-loop result is expected to improve considerably such interpolating functions. By combining the conformal bootstrap with the method of interpolating functions one may get valuable information to any value of the coupling τ , so it would be interesting to pursue this line.
It would also be interesting to study the dependence of our bounds, and the bounds for the anomalous dimensions, with the spin of the operator. In [13] symmetries of the fourpoint correlators were used in order to obtain a relation between the structure constants and the anomalous dimensions for leading twist operator of large spin. Such relations are valid to all loops, but still perturbative. It would be interesting to combine this perturbative information with non-perturbative bounds arising from the conformal bootstrap.
The bounds derived in this paper use very little information about the spectrum of the theory. We have seen that extra information about the spectrum usually results in improved bounds for the structure constants. For instance, it would be interesting to understand the implications of the results of [14] for the problem at hand.
Finally, it would be fascinating either to prove or disprove the conjectures made in [6] and in this paper. Namely, that the bounds for scaling dimensions and structure constants involving leading twist operators are saturated at the duality invariant points.
Furthermore, the leading contribution comes from coefficients κ ij such that 2i + 2j + 1 = Λ. We find the result quoted in the body of the paper
where we have dropped a positive numerical factor independent of α and κ ij .
B Numerical results
The following shows our numerical results for the bounds on the structure constants. For the tables we have restricted ourselves to 0 ≤ γ ≤ 1 and a spacing δγ = 1/10. These values were obtained with Mathematica and further checked with Matlab and CPLEX optimizer.
